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DIRAC DISTRIBUTION
AND
GREEN’S FUNCTION

At the end of this lectures, you should ...

- understand the concept of generalized function

- know how to use a Dirac distribution

- understand what is a Green’s function of an operator
- realize how important Klein-Gordon is ...
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/ (V -v)dr = ]{ v-da (Gauss theorem)
V S

Contradiction ??

A point-like source has a charge located on a “O volume” : infinite charge density on
the point, and 0 elsewhere ...

=> we want something that it infinite in 1 point and 0 elsewhere : is there such a
“function” ?




+oo ifx=0,
5(“’)_{ 0 ifz#0. (79)
and
+oo
/ S(z)de =1 . (80)

=> can describe the density of charge of a point-like source !

f@i() = 105w [ @)= 5(0)

) too ifr=a, e B
5(:1:—0,)_{ 0 ifzta. and ‘/;oo §(z—a)dr =1
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Whatever it is :

* itis not continuous

* it has an “infinite” point (in its own definition ...)
* it seems to make sense only within an integral

In fact, it should be called : a “generalized function”, or a “distribution”

Acts on a function, returns a number +00

o [ f@)p(@)dz = £(0)
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The Dirac distribution can be considered as the limit of a sequence of functions

Example :
A
Area=11
I LN Other examples :
Ir | e Triangles
i i * Gaussians
! ! * sin(x)/x
i i -
I |
| |
| S _
Do it yourself !
-1/(2n) 1/(2n) a N

1. Convince yourself that these sequences
“converge” to the Dirac distribution

2. Check/prove that the Dirac distribution can
be considered as the derivative of the
Heaviside step function
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— Do it yourself ! ~N

1. Calculate the following integrals

—+ oo
/ cosx 6(x — m)dx

— 00

+1
/ (2 +1)0(x)da

/1(2)0(:1:2 + 1)d(x)dx

2. In a physics context : how would you write the energy and
N momentum conservation with a Dirac distribution ? y
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Identification of a Delta function

The particular nature of the Dirac Delta function makes it slightly more dif-
ficult to identify. In particular, two expressions involving "Delta" functions,
D, and D>, they are considered equal if:

“+o00

V¥, f_ :° f(2)D1(2)dz = / f(2)Ds(2)dz . (86)

— o0

It is important that the above equation be valid for any "well-behaved"
function f.

This definition can be used to prove for example that :

1
5 k o it yourself !
( x) ’k| ( ) [T DProiZ it! : 4]




UNIVERSITY
OF
JOHANNESBURG

o 7 Qs
v-}< 0 V-E—goé(*)

=> With this and the definition of the Dirac delta function, Gauss theorem holds !




Green's functions
= f(z)

/[,u(x)

Some linear
differential operator

\
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Eqg. (1)

source

point-like source

N
/

LG(x,z") =6(x — 2)

Green’s function associated to the linear differential operator

X = variable, X’ = parameter

A solution to the differential equation (1) is :

w(z) = [ do’'G(z,2") f(2")

Do it yourself !
[: Check it ! 4]
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A source f(x) in general is a collection or continuum of sources
G is actually the solution of the equation for a point-like source ! Like solving
a problem for every possible point ...

Back to electrostatics ...

V.Ezgé(ﬁ E=_VV
\ c0 )
|

~V? (%’v) = 5(7)

The electric potential is the Green function G of the operator —V?
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An example : our good old friend Klein-Gordon N
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(L° +m%)p = s(x)
D2 E/(‘):? . V2 \ \ source

Linear differential operator

(0% + m?)G(z,2") = §(x — 2’

Gp) = ———

p2_m2
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FIELDS arrAnGED By PORITY
FORE PURE

SOCIOLOGY IS PSYCHOLOGY 1S BIOLOGY 16 WHICH IS JUsT
JUST APRUED  JUsT APPLIED JUST APPLED  APPLED PHYSICS,
Psvcuowev BIOLOGY CHEMISTRY IT’S NICE TO

1% % 9§

OH, HEY, T DIDNT
SEE YOU GUYS ALL
THE WAY OVER THERE.
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SOCIOLOGISI‘S PSYCHOLOGISTS BIOLBGISTS CHEmS?S PHYSICJSTS

MATHEMATICIANS
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